In this paper, we classify Jordan superalgebras of dimension up to three over an algebraically closed field of characteristic different of two. We also prove that all such superalgebras are special.
Introduction
The goal of this paper is to classify Jordan superalgebras of dimension up to three over an algebraically closed field of characteristic different of 2. Our main motivation to obtain such classification comes out from the intention to give an answer to the problem of determining the minimal dimension of exceptional Jordan superalgebras posed in [11] . This problem is analogous to the problem presented in [3] by H. Petersson and A. M. Slin'ko for ordinary Jordan algebras. Our strategy to provide a lower bounded for this dimension is to determine the complete list of Jordan superalgebras of small dimensions and verify which ones are special or exceptional.
The classification problem of the algebraic structures of given dimension, i.e. find the list of all non-isomorphic objects in this structure, has been extensively studied. But in the context of graded algebras the results are relatively scarce. Most of the known results focus on the theory of graded Lie algebras. In [8] , V. G. Kac gave a brief account of the main features of the theory of finite dimensional Lie superalgebras. The author announced in [6] the complete solution of the classification problem of simple Lie superalgebras under the stimuli of the physicists' interest in the subject.
In the context of nonsimple Lie superalgebras, in 1978 N. Backhouse gave a classification of real Lie superalgebras, which are not Lie algebras, up to dimension four (see [1] and [2] ). He also noted that none of them are simple. In 1999, A. Hegazi in [4] proved a version of the Kirillov lemma for nilpotent Lie superalgebras and applied its to the classification of nilpotent Lie superalgebras up to dimension five. Classifications of five dimensional Lie superalgebras over the complex and real numbers are contributions of N. L. Matiadou and A. Fellouris, see [15, 2005] and [16, 2007] respectively.
As expected, there was a similar theory for graded Jordan algebras. The paper [10] of I. Kaplansky, lays the foundations for the study of the Jordan superalgebras case. In 1977, V. G. Kac developed the Kantor's method and applied it to obtain the classification of finite dimensional simple Jordan superalgebras over an algebraically closed field of characteristic 0 from the classification of simple graded Lie algebras (see [7] ). There was one missing case in this classification that was later described by I. L. Kantor in [9] . More than two decades later in [18] , M. L. Racine and E. I. Zel'manov took advantage of Jordan theoretic methods, like Peirce decomposition and representation theory, that are less sensitive to the characteristic of the base field to obtain a classification of simple Jordan superalgebras over fields of characteristic different from 2 whose even part is semisimple. The remaining case, namely simple Jordan superalgebras with nonsemisimple even part, was tackled in [13] by C. Martinez and E. Zel'manov.
However, nonsimple Jordan superalgebras are very plentiful and as yet do not have received enough attention. In what follows we present the classification of Jordan superalgebras of small dimensions and we determine in each case whether the superalgebras obtained are special or exceptional.
Regarding special or exceptional Jordan superalgebras we highlight some central results. In [14] the authors construct universal associative enveloping algebras for a large class of simple Jordan superalgebras showing they are special. On the other hand, in [17] has been proved that the 10-dimensional simple Kac superalgebra is exceptional and showed some new exceptional simple superalgebras appear in characteristic 3.
As for exceptional Jordan superalgebras that are not simple, I. Shestakov and others in [11, 2000] have constructed an example of an exceptional Jordan superalgebra of dimension 7 over an algebraically closed field of characteristic different of 2. So far this is the smallest known example.
The paper is organized as follows. In Section 1, we recall the basic concepts, examples and some results for finite-dimensional Jordan superalgebras. In Section 2, we describe all nonisomorphic Jordan superalgebras of dimension less or equal to 3 and, finally, we show that all superalgebras are special.
Preliminaries
In what follows k will represent a field of characteristic not 2. A Jordan algebra J is a commutative k-algebra that satisfies the Jordan identity
or, equivalently, the linearization
In [12] all Jordan algebras up to dimension four over an algebraically closed field were described. To fix notation we present the indecomposable Jordan algebras of dimension less or equal to 3 in Table 1 . This algebras will be used in the development we present below. 
. By a sub-superalgebra (or ideal) of a superalgebra A we mean any sub-superspace that is a subalgebra (or ideal) of A as an algebra. Given two superalgebras A and B and a homomorphism of algebras φ : A → B, we say φ is a homomorphism of superagebras if it preserves the grading, i.e., φ(A i ) ⊆ B i for i = 0, 1. A superalgebra A is called simple if A 2 = 0 and it does not contain any non-trivial (graded) ideals.
A superalgebra J = J 0 + J 1 is a Jordan superalgebra if it satisfies the supercommutativity
and the super Jordan identity
The even part J 0 is a Jordan algebra and the odd part J 1 is an J 0 -bimodule with an operation
Note that a superidentity is obtained from the corresponding identity following the Kaplansky rule: any alteration in the order of odd elements causes a change in sign.
An associative superalgebra is just an associative algebra with a Z 2 -graduation but a Jordan superalgebra is not necessarily a Jordan algebra. Example 1. Consider the three-dimensional simple Jordan superalgebra due to I. Kaplansky: K 3 = ke + (kx + ky) with multiplication given by e 2 = e, x 2 = y 2 = 0, e · x = x · e = 1 2
x, e · y = y · e = 1 2 y and x · y = −y · x = e. Take a = e + x and b = y in identity (1.1) then
Indeed, a Jordan superalgebra is a Jordan algebra with a Z 2 -graduation if and only if J 2 1 = 0. On the other hand, the same Jordan algebra can have two or more non-isomorphic Z 2 -graduations.
Example 2. The non-associative three-dimensional Jordan algebra T 6 (see Table 1 ) admits four Z 2 -graduations that, as we will see in Theorem 11, determine four non-isomorphic Jordan superalgebras: S In fact, an algebra A admits a non-trivial Z 2 -graduation if and only if there exists an automorphism ϕ ∈ Aut(A) such as ϕ 2 = Id and ϕ = Id. The relation between ϕ and the Z 2 -graduation is given by A 0 = {a ∈ A | ϕ(a) = a} and A 1 = {a ∈ A | ϕ(a) = −a}.
Example 3. Consider the three dimensional associative Jordan algebra T 1 . We observe that Aut(T 1 ) = {ϕ : T 1 → T 1 | ϕ(e 1 ) = e 1 ; ϕ(e 2 ) = αe 2 + βe 3 ; ϕ(e 3 ) = α 2 e 3 ; with α, β ∈ k} then (T 1 ) 0 = ke 1 + ke 3 and (T 1 ) 1 = ke 2 is the only (up to graded isomorphism) non-trivial Z 2 -graduation on T 1 . Then it is an associative superalgebra which is not a Jordan superalgebra since it does not satisfy the supercommutativity.
If A = A0 + A1 is an associative superalgebra, we can get a Jordan superalgebra structure with the same underlying vector space, A (+) , by defining a new product
A Jordan superalgebra J = J 0 + J 1 is said to be special is J is a sub-superalgebra of A (+) , for some associative superalgebra A. Otherwise, it is called exceptional. We call A an associative envelope for J. The universal associative envelope U(J) of the Jordan superalgebra J is the unital associative superalgebra satisfying the following universal property, which implies that U(J) is unique up to isomorphism: there is a morphism of Jordan superalgebras α : J → U(J) (+) such that for any unital associative superalgebra A and any morphism of Jordan superalgebras β :
, there is a unique morphism of associative superalgebras γ :
Example 4. The Kaplansky superalgebra K 3 of Example 1 is special, in fact it is a sub-super-
is the Weyl algebra. The even part and the odd part are respectively,
1|1 (W 1 ) such as e → e 11 , x → 2e 12 + 2ξe 21 and y → ηe 12 + ξηe 21 is an homomorphism.
Example 5. (Superalgebra of a superform) Let V = V 0 ⊕ V 1 be a vector superspace over a field k, and let f :
, where Cl(n) = 1, e 1 , . . . e n | e i e j + e j e i = 0, i = j, e 2 i = 1 is the Clifford superalgebra and
Example 6. Algebra T 6 in Table 1 with homomorphism e i → e i for i = 1, 2, 3. Now, consider the Z 2 -graduation in T 6 which result in the superalgebra S 3 12 (see Table 6 ) with dim J 0 = 2 and dim J 1 = 1. Then the graduation induced on U(T 6 ) = A 0 + A 1 where A 0 = {1, e 1 , e 2 , e 4 } and A 1 = {e 3 } is an associative envelope for S Example 7. In [7] the 10-dimensional Kac superalgebra K was defining. It is given by K 0 = a 1 , . . . , a 6 and K 1 = ξ 1 , . . . , ξ 4 with
and products which are not obtained from these transpositions of factors are equal to 0. In [17] the authors proved that K is exceptional. If char k = 3 this superalgebra is not simple, but it has a simple subalgebra of dimension 9, called the degenerated Kac superalgebra. There are two other examples of exceptional simple Jordan superalgebras in char k = 3, see [18] .
Example 8. An example of non-simple exceptional Jordan superalgebra was obtained in [11] . It is the 7-dimensional superalgebra with even part J 0 = T 7 , odd part generated by {o 1 , o 2 , o 3 , o 4 } and multiplication given by
with the other product being zero.
Peirce decomposition for Jordan superalgebras
Suppose that a Jordan superalgebra J possess an idempotent element then it has an homogeneous idempotent e such as e ∈ J 0 . Hence (1.
e + R e = 0 (where R e : J → J denote the right multiplication by e). Using the standard argument for the Peirce decomposition for Jordan algebras (see [5] ), we obtain: Theorem 9. Let e ∈ J be an homogeneous idempotent element, then J is a direct sum of vector spaces
which have the following multiplicative properties:
(1.6) Indeed, put b = d = e in (1.3) and take a ∈ P i and c ∈ P j to obtain = 0 and a · b ∈ P 0 + P 1 . Thus (1.6) holds.
More generally, we have the refined Peirce decomposition:
e i , is a sum of pairwise orthogonal idempotents, then J decomposes into a direct sum of subspaces
where P 00 = {x ∈ J | x · e i = 0 for all i} , P ii = {x ∈ J | x · e i = x, x · e k = 0 for k = i and i = 0} ,
x, x · e k = 0 for k = i and i = 0 ,
k =i,j P 0 (e k ) for 0 = i < j and P 00 = P 0i = 0 if e = 1 is unity in J. Then using the previous decomposition relative to one idempotent we have that the Peirce components P ij satisfy the following relations:
where the indices i, j, k, l are all distinct.
Peirce decompositions are inherited by ideals or by subalgebras containing e 1 , . . . , e n . The latter is the case of J 0 since the idempotents are supposed to be homogeneous. On the other hand, note that this also happens in J 1 . Indeed, taking x ∈ J 1 we can write x = Σp ij with p ij ∈ P ij , 0 i j n. Multiplying successively x by appropriate idempotents e i and using the fact that e i · J 1 ⊆ J 1 we get p ij ∈ J 1 . Therefore J 1 = 0 i j n P 1 ij where P 1 ij = J 1 ∩ P ij .
Classification of Jordan superalgebras
In the next sections we will present the complete classification of Jordan superalgebras of dimensions 1, 2 and 3. From now on k will be understood as an algebraically closed field of char = 2. Henceforth, for convenience we drop · and denote the multiplication in a superalgebra J simply as ab. Products that we do not specify are understood to be 0 or be determined by commutativity or anticommutativity.
We will say that J = J 0 + J 1 is a Jordan superalgebra of type (n, m) if n = dim J 0 and m = dim J 1 . We will denote by e i the elements in J 0 and by o i the ones which belong to J 1 . It follows from the supercommutativity (1.2) that o 2 i = 0 for i = 1, . . . , m. Every indecomposable superalgebra obtained in the classification will be denoted by S i j where the superscript i represent its dimension.
The description of Jordan superalgebras will be organized according to all possible values of n and m. For example, we will look at the most trivial cases. Suppose that n = 0, then {o 1 , . . . , o m } is a basis for J = J 1 an m-dimensional Jordan superalgebra of type (0, m). Since o i o j ∈ J 0 = 0 for any 1 i, j m then there exists only one such J and it is a direct sum of m copies of S Table 1 for i = 1, 2, j = 1, 2, 3 and 1 k 10. Henceforward, we will suppose n and m both not null.
Jordan superalgebras of dimension 2
Suppose that J = J 0 + J 1 is a Jordan superalgebra of type (1, 1) and let {e 1 , o 1 } be a basis of J. According to Table 1, Table 2 ). Proceeding in the same way in case of J 0 = U 2 we still obtain one equation 2β 3 o 1 = 0, then necessarily β = 0 and the superalgebra is U = 0 so they are ordinary Jordan algebras. Since non-isomorphic Jordan algebras have non-isomorphic Z 2 -graduations, superalgebras in different lines in Table 2 are non-isomorphic. On the other hand, isomorphism of superalgebras preserves the grading then superalgebras in different columns in Table 2 are also non-isomorphic. Consequently, all two-dimensional Jordan superalgebras here presented are pairwise non-isomorphics. 
2.2. Jordan superalgebras of dimension 3 2.2.1. Jordan superalgebras of type (1, 2) Let J be a three-dimensional Jordan superalgebra of type (1, 2). The even part, J 0 , is one of the one-dimensional Jordan algebras J 0 = U 1 or J 0 = U 2 . If {ē 1 ,ō 1 ,ō 2 } is a basis of J, we must determine the products e 1ō1 = αō 1 + βō 2 ,ē 1ō2 = γō 1 + δō 2ō1ō2 = εē 1 .
1. Suppose that J 0 = U 2 . We claim that J is one of the superalgebras in Table 3 . Indeed, the Jordan superidentity (1.3) for the basis provides the system of equations
with the following solutions:
In case of ε = 0, we obtain J ≃ S 3 3 with change of basisē 1 → e 1 ,
If γ = 0 we are in the previous case, so we can consider γ = 0.
Suppose further that ε = 0 then we obtain the superalgebra S where In this way we obtain eight non-isomorphic superalgebras given in Table 4 . Table 4 : Jordan superalgebras of type (1, 2) with J 0 = U 1 .
J

Multiplication table Observation
Up to permutation of o 1 and o 2 , we have six possibilities:
. If ε = 0 we get the superalgebra S 
and we obtain the superalgebra U
= ko 2 then o 1 o 2 = 0 and we obtain the superalgebra S 
Jordan superalgebras of type (2, 1)
Let J = J 0 + J 1 be a three-dimensional Jordan superalgebra of type (2, 1) and let {e 1 , e 2 , o 1 } be a basis of J. In this case, the even part J 0 is one of the six two-dimensional Jordan algebras given in Table 1 and J 1 = S 1 1 . All that remains is to determine the action of J 0 in o 1 , namely, to found scalars α, β ∈ k such as e 1 o 1 = αo 1 and e 2 o 1 = βo 1 .
1. Suppose J 0 = B 1 , so we have one idempotent e 1 relative to which
with e 1 , e 2 ∈ P 1 . We claim that J is one of the superalgebras in Table 5 . Indeed, according to the Peirce subspace P i to which o 1 belongs we have: (a) o 1 ∈ P 0 then e 2 o 1 ∈ P 1 P 0 = 0 and we obtain the superalgebra B with e 1 ∈ P 1 , e 2 ∈ P 1 2 . Whatever the Peirce subspace that o 1 belongs to, it follows from the multiplicative properties (1.5) and (1.6) and the fact that e 2 o 1 ∈ J 1 that the product e 2 o 1 is always zero. So, we obtain three non-isomorphic Jordan superalgebras given in Table 6 . 
whose solution is α = β = 0 (still when char k = 3). Consequently, we obtain the associative (then Jordan) superalgebra B with e 1 ∈ P 1 and e 2 ∈ P 0 . If o 1 ∈ P 0 or o 1 ∈ P 1 2 necessarily β has to be zero for the respective superalgebras to satisfy the Jordan superidentity: 2β 3 o 1 = 0 in the first case and β 2 o 1 = 0, 2β 3 o 1 = 0 in the second one. We obtain the superalgebras U . Until now, we have proved that any three-dimensional Jordan superalgebra J over an algebraically closed field of characteristic not 2 is isomorphic to one of the superalgebras presented in this subsection. The following theorem completes the algebraic classification.
Theorem 11. All superalgebras in Section 2.2 are pairwise non-isomorphic.
Proof. Firstly, consider the superalgebras such as J 2 1 = 0, namely those algebras in Table 7 . Following an analogous reasoning to that done in dimension two and taking into account that decomposable superalgebras are guaranteed to be non-isomorphics, we only have to verify whether S graduation on the associative enveloped algebra is induced by the graduation of J.
Associative Jordan superalgebras are trivially special, it is the case of S o 1 ) . Therefore, the speciality follows from Example 5.
Finally, superalgebra S 3 1 is exactly the algebra supercommutative, solvable of index 2 and nonnilpotent described in Example 1 of [20] and proved to be special by exhibiting an embedding in the superalgebra A (+) for the matrix superalgebra A = M 1,2 3 (k), where
and A 1 = 0 x y 0 , x ∈ M 1,2 (k), y ∈ M 2,1 (k) putting e 1 = e 23 ∈ A 0 , o 1 = e 13 + 4e 31 ∈ A 1 , o 2 = e 1 ⊙ o 1 .
As a consequence, we obtain a bound for the minimal dimension of exceptional Jordan superalgebras as posed in [11] . We observe that, up to our knowledge, the dimension 7 for the Example 8 is the least dimension for the known examples of exceptional Jordan superalgebras. 
